We present a microscopic theory for the description of the bias-controlled operation of an excitonpolariton-based heterostructure, in particular, the polariton laser. Combining together the Poisson equations for the scalar electric potential and Fermi quasi-energies of electrons and holes in a semiconductor heterostructure, the Boltzmann equation for the incoherent excitonic reservoir and the Gross-Pitaevskii equation for the exciton-polariton mean field, we simulate the dynamics of the system minimising the number of free parameters and build a theoretical threshold characteristics: number of particles vs applied bias. This approach, which also accounts for the nonlinear (exciton-exciton) interaction, particle lifetime, and which can, in principle, account for any relaxation mechanisms for the carriers of charge inside the heterostructure or polariton loss, allows to completely describe modern experiments on polariton transport and model devices.
Semiconductor microcavities under incoherent background pumping, either electrical or optical, can be used in a variety of applications, such as optical routers [1, 2] , sources of terahertz radiation [3, 4] , highspeed optical polarization switches [5, 6] . In this context, electricaly pumped microcavities have applicationoriented perspective, for obvious reasons. Furthermore, such wide-bandgap semiconductors as InAlGaN alloys are promising materials for room-temperature polariton Bose-Einstein condensation (BEC), and thus roomtemperature lasing due to large oscillator strength, exciton binding energy, and giant Rabi splitting [7, 8] .
Bose-Einstein quasi-condensates of exciton polaritons (EPs) form when incoherent electrons, holes and photons scatter their energy, through interaction with other particles, then they couple and form hybrid modes (EPs), and further these eigenmodes of the system collect into a low-energy state [9] [10] [11] referred to as the single-particle ground state. While conventional Bose-Einstein condensation (BEC) is defined as a macroscopic occupation of the ground state in thermal equilibrium, here one has to deal with a quasi-condensation since the thermal equilibrium in solid state systems is never achieved due to the finite lifetime of the particles which in the case of EPs amounts to 10-100 ps in modern structures [12] [13] [14] [15] .
Short lifetime of EPs makes the system highly nonequilibrium [16] , although spatial coherence has been recently reported [17] [18] [19] . The theoretical description of such condensates thus requires a kinetic approach, where crucial role is played by the pumping source which should continuously feed the system in order to compensate the losses. The pumping source usually brings excitation to one of the components: either excitons or photons. Theoretical description of the pump is a challenging issue, especially when we speak about the electrical pumping of the system by application of the bias to the heterostructure and launching electric current through [20] [21] [22] [23] . There have been suggested several approaches aimed at description of the current injection (e.g. [24, 25] ), however, they operate with phenomenological equations for the carriers of charge, and thus excitons and polaritons.
Interacting EPs can be treated within the GrossPitaevskii equation for the mean-fields [26, 27] , which can be modified for incoherent pumping [16, 28] . Such an approach has been successful for the description of a variety of recent experiments, including, for example, spatial pattern formation [29, 30] and spin textures [31, 32] .
In this manuscript we introduce a microscopic theory for the description of electrically pumped polariton laser. In the framework of our formalism, the EP field is coupled to an excitonic reservoir [16] which is, in turn, fed by the electrons and holes in the system. Instead of writing phenomenological kinetic equations for electrons and holes, we write microscopic Poisson-like equations for the Fermi quasi-energies and the scalar electric potential which al- lows us to build the threshold characteristics. We consider a microcavity with the growth direction of the heterostricture along the axis z and EPs moving in the xy plane, thus the 3D coordinate is given by r = (x, y, z) = (r , z). For the electric potential, φ, we can write the Poisson equation in the form
where (r) is a dielectric permittivity,
is the charge density (here and in the following we omit the explicit notation '(r, t)' in ρ(r, t), n(r, t) etc for breivity). 
with N D and N A being the full donor and acceptor impurity concentrations; g D = 2, g A = 4 are the donor and acceptor impurity degeneracy factors, respectively [33] . In general, g A may vary from 4 to 6 in conventional nitride semiconductors (due to small splitting of the valence band). E D , E A are the ionization potentials. Further, E C and E V are the energies of the conduction band bottom and the valence band top. F n = F n (r, t) and F p = F p (r, t) are the Fermi quasi-energies of electrons and holes. n and p are the electron and hole densities. They read the Fermi statistics and are given by
where N C and N V are the densities of states in the Conduction and Valence bands, correspondingly.
2 ) 3/2 with m n the electron effective mass; and usually
2 ) 3/2 . However, since polaritons are usually based on the excitons formed of heavy holes, we assume N V = (m hh k B T /2π
2 ) 3/2 thus neglecting the light hole component.
In what follows, we will assume that the electron-hole subsystem of the whole system reaches the steady state much faster than the excitonic and polaritonic susbystems, which is a good approximation in most of real situations. It allows us to consider static electric potential, putting ∂ t φ = 0 in (1). Now, the key missing ingredient is the spatial distribution of the Fermi quasi-energies. In order to find them, let us write the continuity equations,
where j n and j p are the electron and hole current densities, µ n , µ p are the carrier mobilities, G is the carriers generation and R is the general recombination rates, which we take here equal for electrons and holes for simplicity. Using Eq. (3), we come up with the Poisson-like equations for the electron and hole Fermi quasi-energies,
Together, Eqs. (1), (2) , and (4) represent a closed consistent system of equations and fully describe the electronhole dynamics with proper boundary conditions. In particular, if we want to simulate the voltage-controlled heterostructure, then for the z = 0 (n-electrode of the heterostructure) we have N + D − N − A + p − n = 0, in the mean time, the bias, U (applied voltage), comes into the equations as
In our work the only source of pumping is the applied bias, thus we assume G = 0 in the following. The next crucial step is to connect the free charges with the formation of excitons. This we do by the dynamic equations,
where n X is the occupation of the reservoir of excitons, W is the rate of exciton formation from the electron-hole plasma,ñ andp are the densities of electrons and holes which reside in the quantum wells of the heterostructure, and γ is the rate of polariton formation fed by the excitonic reservoir. Now we are ready to denote the term R from Eq. (4), R = Wñp. Thus it accounts for the electron and hole losses due to exchange with the excitonic reservoir. It should be noted, that R can account for various mechanisms of the particle loss. For instance, the non-radiative recombination can be described by the termR =ñp ( 
−1 , where τ n,p are the non-radiative lifetimes of the carriers of charge [34] . Besides, the recombination on dislocation cores [35] and the Auger recombination can be accounted for.
EPs we describe within the mean field approximation, using the macroscopic wavefunction ψ(r , t) with the Fourier image ψ(k , t). The equation of motion reads
where E k is the particle dispersion (which is nonparabolic for EPs); V (r , t) is the potential profile, α is a constant describing the strength of particle-particle interactions. It can be estimated as [41] :
the discretisation units, L x,y are the spatial dimensions in xy. We have also introduced the decay term −i( /2τ )ψ to account for the radiative decay of particles [26] .
We consider an InGaAlN alloy-based microcavity presented in Fig. 1 . The active region of the heterostructure consists of 5nm In 0.06 Ga 0.94 N QW. It is located between n-Al 0.15 Ga 0.85 N and p-Al 0.15 Ga 0.85 N highly doped regions, commonly referred to as emitters, and less doped regions, the waveguides. The outer layers of the structure are the distributed Bragg reflectors which provide optical confinement. System is pumped by a direct bias, U . In computations we used τ = 18 ps. The excitonpolariton dispersion was calculated using a two oscillator model with cavity photon effective mass 4 × 10 −5 of the free electron mass, Rabi splitting 10 meV and excitonphoton detuning 2.5 meV at zero in-plane wave vector. Figure 2 shows the carrier concentrations which correspond to the polariton threshold value of voltage, U ≈ 2.23. With the increase of voltage, the scalar potential distribution changes (left hand side inset) and the Fermi quasi-energies approach the Conduction and Valence bands in the QW region, correspondingly (right inset). Then, high enough concentrations of electrons and holes lead to sufficient concentration of excitons in the QW region and thus formation of polariton BEC. Figure 3 is the manifestation of the threshold characteristics for EPs. EP density around k = 0 increases rapidly above threshold voltage, U = 2.23 V. The diagrams in Fig. 3 shows (a) below-threshold particles distribution (no condensation occurs) and (b) condensation. It should be noted, that our formalism allows to account for various scattering mechanisms for EPs also, for example, involving hot excitons with large momentum [36] . Such hot excitons are usually created in non-resonantly pumped systems [37] . In general, our approach allows a theoretical study of the interplay between both exciton mediated and phonon mediated scattering processes in extended systems [38] [39] [40] [41] . However, we do not consider these processes here since description of scattering processes is not the main goal of this manuscript.
It is also known that one of the key signatures of the polariton BEC is the spontaneous coherence buildup. However, since our manuscript is mostly devoted to the development and introduction of the pumping terms, we use a simple conservative Gross-Pitaevskii treatment to model the polariton dynamics. This treatment assumes complete coherence in the system and does not account for the system-environment interaction, thus in its framework, the coherence buildup cannot be checked. However, one can investigate this issue by adding additional terms in the Gross-Pitaevskii equation, employing such approaches as the Truncated Wigner [42] , or the dissipative Gross-Pitaevskii [27, 43] 
equation.
Conclusion.-We have derived a theory for the description of electrically driven exciton-polariton heterostructures, in particular, the polariton laser. Merging the Poisson equations for the scalar electric potential and the Fermi quasi-energies of electrons and holes in a semiconductor heterostructure, the Boltzmann equation for the incoherent excitonic reservoir and the GrossPitaevskii equation for the exciton-polariton mean field, we have simulated the dynamics of the system with the minimal number of free parameters and built the theoretical threshold characteristics of the device.
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